New q-analogs of Stirling numbers of the second kind(and the first kined) are derived from a poset on [2k] using Stanley's P -partition theory [?]. We also generalize to the poset on the set [rk].
Introduction e q-analog of Stirling numbers have been studied over the years by Carlitz [?, ?] , Gould [?] , Milne [?, ?] , gan [?] , and by Wachs and White [?] who introduced the p, q-Stirling numbers of the second kind. In [?] , ntroduced r-multipermutations and studied various combinatorial statistics on them. Another aspect of e theory of r-multipermutations arises through the theory of P-partitions by Stanley [?] . In this survey we dy connections between r-multipermutations and P-partitions, and then q-Stirling numbers. multiset is defined as an ordered pair (S, f ) where S is a set and f is a function from S to the set of nnegative integers. If S = {m 1 , · · · , m r }, we write {m
, · · · , m f (mr) r } for (S, f ). We call f (m i ) the ltiplicity of m i . Intuitively, a multiset is a set with possibly repeated elements. Let us begin by considering rmutations of multisets (S, f ), which are words in which each letter belongs to the set S and for each m ∈ S e total number of appearances of m in the word is the multiplicity f (m). Thus 1223231 is a permutation of e multiset {1 2 , 2 3 , 3 2 }. Here we consider a special set of permutations of the multiset [n] (r) = {1 r , · · · , n r }, ich is defined as follows. finition 1.1 An r-multipermutation of the set {m 1 , · · · , m n } is a permutation a 1 · · · a rn of the multiset (2) = {1 2 , 2 2 } and 3332 is a 3-multipermutation of the multiset {2 3 , 3 3 }.
mark We call r-multipermutations in the case r = 2 Stirling permutations and we denote the set of inary permutation of the set [n] by S n and the set of r-multipermutations of the multiset [n] (r) by S (r)
n .
P-partitions
anley [?] defines P -partitions as order reversing maps, while I define them as order preserving as Gessel does [?] . We begin with reviewing his theory briefly. It is a common generalization of the theory of compositions d the theory of partitions. As we know, a partition of a positive integer n is defined as a solution of a 1 + +· · ·+a k = n with a 1 ≥ a 2 ≥ · · · ≥ a k , and a i ∈P, where P is the set of positive integers, and a composition n ∈P a solution of a 1 + a 2 + · · · + a k = n, a i ∈P. So there are five partitions of 4: (4), (31), (22), (211), (1111) d there are eight compositions of 4 : (4), (13), (31), (22), (112), (121), (211), (1111) . Now suppose we have the poset P shown in the following figure and we want to solve a 1 + a 2 + a 3 = n, n ∈ with a 2 ≤ a 3 and a 2 < a 1 , a i ∈P, corresponding to P. Then every solution satisfies either a 2 < a 1 ≤ a 3 or ≤ a 3 < a 1 . Figure 1 Let us denote the set of natural numbers by N. We now generalize this idea as follows.
ample 2.2 Consider the poset P with the following Hasse diagram:
We have 2 ≺ 3 and 2 ≺ 1 and 2 > 1 . Hence a P -partition of the poset is a function f which satisfies 2) ≤ f (3) and f (2) < f (1). So if 3 i=1 f (i) = 4 and f (i) > 0, then there is only one such f and 1) = 2, f (2) = f (3) = 1. finition 2.3 The separator S(P ) of a poset P is the set of all permutations that extend P to a total order. ample 2.4 In the previous example S(P ) = {213, 231}.
The following theorem is due to Stanley [?] and Gessel [?] . eorem 2.5 The set of P -partitions is the disjoint union over all π ∈ S(P ) of the set of functions f :
finition 2.6 The order polynomial Ω P (n) is the number of P -partitions of a poset P with all parts in [n].
Stanley [?] found a relation between the order polynomial of a poset P and the separator S(P ) which is scribed in the following theorem. But first we need to introduce the descent set. finition 2.7 For a given permutation π = a 1 a 2 · · · a n we define the descent set of π as
In the following theorem an extra descent at the end of each permutation is counted.
ample 2.9 Suppose that we have the following poset P . Then S(P ) = {2·13·, 23·1·} in which a dot represents a descent. So we have
erefore Ω P (n) = 2 n+1 3 .
ample 2.10 If P is an antichain Figure 4 n Ω P (n) = n m and S(P ) is the set of all permutations of the set [m]. Then In
and there are f (2i) choices for f (2i − 1) (i = 2, · · · , k). Therefore order polynomial for the poset P is
(n) be order polynomials for Stirling poset P 
For the poset P oposition 2.12
For a partial order ≺ on the set [k] we consider a label function L from [k] to any set of integers such
. Then when L is restricted to S(P ) it is a bijection and moreover descent eserving. Doing this does not change any statistics on the poset. In the Stirling poset on [2k] we label nodes th elements in the multiset [k] (2) . Then the separator S(P ) is the set of all permutations of the multiset (2) where the second i comes before the second i + 1 for i = 1, · · · , k − 1 and |S(P )| = 1 · 3 · · · (2k − 1). ample 2.13 Let P 2 ) = {1122, 1212, 2112} in which the second 1 comes before the second 2.
So if we define the Eulerian polynomial
E P (2) k (t) of the poset P (2) k as E P (2) k (t) = π∈S(P (2) k ) t des(π) then it o
counts Stirling permutations of the multiset [k]
(2) . We expect a bijection between them.
oposition 2.14 There is a bijection between the set of Stirling permutations of the multiset [k] (2) and
that preserves the number of descents.
We can generalize the above proposition using a similar method. I state it without proof. eorem 2.15 Let P (r) k be a Stirling poset with rk elements as in the above figure and let S (r) n be the set of ultipermutations of the multiset {1 r , · · · , n r }. Then there is a bijection between them that preserves the mber of descents.
A q-analog of the Stirling numbers of the second kind this section we derive q-Stirling numbers from the Stirling poset P . Let T (P, m) be the set of all P -partitions th parts in {0, 1, · · · , m} where P is a poset with p elements. Let
is the number of P-partitions of n with all parts less than or equal to m.
Now for the Stirling poset P
(2) k (see the following figure) we have
Figure 8 So the generating function for U m (P
k ) a q-Stirling number of the second kind, denoted by S q (m + 1 + k, m + 1) because if q = 1 have
Using the notation [m] q = 1 + q + · · · + q m−1 we express this as follows:
The theorem shows that for q = 1 the recurrence relation is reduced to that of the ordinary Stirling mbers of the second kind, that is, S(m + 1 + k, m + 1) = S(m + k, m) + (m + 1)S(m + k, m + 1). Theorem ?? n be expressed in a simpler form as
Before I give a combinatorial proof of (??) let me briefly summarize what has been done with q-Stirling mbers of the second kind. There are two q-Stirling numbers of the second kind which are defined recursively for nonnegative integers kŜ
The polynomial (??) was introduced by Carlitz [?, ?] in connection with a problem in abelian groups and en by Gould [?] . Milne [?] introduced the polynomial (??) in the study of finite dimensional vector space er GF (q) and later in [?] he also showed that it could be viewed combinatorially as a generating function an inversion statistic on partitions. Sagan [?] proved both equations using a major index for set partitions m the idea that the q-binomial coefficient represent two statistics on permutations, the inversion number d the major index. Wachs and White [?] introduced the p, q-Stirling numbers of the second kind as a nerating function for the joint distribution of two 'inversion vectors'. The p, q-Stirling numbers are defined
. e relation between this and the equation (??) is that (??) is a special case of the p, q-Stirling numbers of e second kind. In fact, it is not hard to show that S q (n, k) = q
These q-Stirling numbers of the second kind arise as generating functions of certain statistics, i.e. inrsions (inv) and major index (maj) on permutations, restricted growth functions, and rook placements. e recursion in Theorem ?? can be proved combinatorially using a method involving maj. I follow Sagan's tations in his paper [?] .
Let us denote the set of all partitions of the set [n] into k disjoint subsets or blocks by S([n], k). Then e ordinary Stirling numbers of the second kind are |S([n], k)|. We will write the blocks of π ∈ S([n], k) capital letters separated by bars and we always put π = B 1 |B 2 | · · · |B k in standard form with min
The major index of π, denoted by j(π) (to distinguish it from the usual major index), is the sum of the descents: Maj(π) = i∈DM (π) id i . r example, if π = 13|2|478|56 then DM(π) = {1, 3 2 } and Maj(π) = 1 + 3 + 3 = 7. Sagan [?] uses this Maj prove the equation (??).
To prove theorem ?? combinatorially, we need to define the bar index, denoted by bar(i), for i ∈ B j = 1, 2, · · · , k) as follows: ample 3.4 Let us look at the following two examples. if π = 1|24|3 then bar(1) = bar(2) = bar(3) = 0 and bar(4) = 3 − 1 = 2. if π = 13|2|478|56 then bar(π) = bar(3) + bar(6) + bar(7) + bar(8) = 1 + 3 + 3 + 3 = 10. ferences
